Abstract. In this paper, we study the long existence problem of non Berwaldian Landsberg spaces using the conformal transformation point of view. Under conformal transformation, the Berwald and Landesberg tensors are calculated in terms of the T-tensor. By giving examples, we show that under conformal transformation, there are Landsberg spaces with non-vanishing Ttensor. A necessary condition for a Landsberg space to be Berwaldian is given. Various special cases are studied. Cases in which the Landsberg spaces can not be Berwaldian are shown. Examples of non-Berwaldian landsberg (singular) spaces are given.
Introduction
A Finsler space is a smooth manifold M such that each tangent space T x M is equipped with a Minkowski norm. In the case that each of the Minkowski norms is a scalar product on the corresponding tangent space T x M , then M is a Riemannian manifold. If the slit tangent spaces T x M \{0} are endowed with homogeneous Riemannian metric which are all isometric, M is a Landsberg space; if such isometries are linear, then M is a Berwald space. The regular Landsberg spaces are the most elusive. Around 1907 G. Landsberg [7, 6, 8] [15] studied the class of (α, β) metrics of Landsberg type, of which Asanov's examples are particular cases; he found [3, 15] that there are y-local non-Berwaldian Landsberg spaces with (α, β) metrics, there are no y-global ones. Bao [4] tried to construct non-Berwaldian Landsberg spaces by successive approximation; but this method so far could not solve the problem. The elusiveness of y-global non-Berwaldian Landsberg spaces leads Bao to describe them as the unicorns of Finsler geometry.
In this paper, we are studying the long-standing question whether or not there are Landsberg spaces which are not of Berwald type from the conformal transformation point of view.
For a Finsler manifold (M, F ), the conformal transformation of F is defined by
where σ(x) is a function on the manifold M . Under conformal transformation, we calculate the Berwald and Landsberg tensors in terms of T-tensor. Hashiguchi [5] , showed that a Landsberg space remains Landsberg by any conformal change if and only if the T-tensor vanishes identically. However, we show that there are Landsberg spaces (with non vanishing T-tensor) remain Landsberg under conformal transformation. Matsumoto [12] Starting by Berwald space (M, F ), if the transformed space (M, F ) is Landsberg, then a necessary condition for (M, F ) to be Berwald is given. This condition depends on geometric objects of the original space (M, F ); like, the T-tensor T hijk , the vertical curvature S h i jk of Cartan connection, the Cartan tensor C ijk and the function σ(x). Some special cases are considered; for example, when (M, F ) is S 3 -like or has vanishing T-tensor and vanishing vertical curvature of Cartan connection.
The condition for a Berwald space to transform to Landsberg space is σ r T r jkh = 0. We study some special Finsler spaces if they can admit a function σ(x) such that σ r T r jkh = 0. For example, a positive definite C-reducible Finsler space does not admit a function σ(x) such that σ r T r jkh = 0. Hence, a regular Randers space does not admit a function σ(x) such that σ r T r jkh = 0. We investigate a case in which a Landsberg space can not be Berwaldian. Namely, under the conformal transformation, a C 2 -like Berwald space with vanishing T-tensor transforms to non Berwaldian Landsberg space. Finally, various examples are studied. Examples of non Berwadian Landsberg (singular) spaces are shown.
conformal transformation
Let M be an n-dimensional smooth manifold. Let (x i ) be the coordinates of any point of the base manifold M and (y i ) a supporting element at the same point. We mean by T x M the tangent space at x ∈ M and by T M = In this paper we consider the conformal transformation of a Finsler structure F , namely,
where σ(x) is smooth function on M . It should be noted that all geometric objects associated with the transformed space (M, F ) will be elaborated by barred symbols. For example, the metric tensor of (M, F ) is denoted by g ij . And the geometric objects associated with the space (M, F ) will be elaborated by nothing. 
where ℓ i :=∂ i F is the normalized supporting element and g ij is the inverse metric tensor.
The Cartan tensor C ijk is defined by C ijk := 
ℓr , and so on. 
where ∂ i is the partial differentiation with respect to x i . The non linear connection G i j and the coefficients of Berwald connection G i jk are defined, respectively, by [5] , one can obtain the following lemma which shows the transformations of G i , G 
where,
. The T-tensor plays an important role in Finsler geometry. For example it was proved by Szabo Zoltan [16] that a positive definite Finsler metric with vanishing T-tensor is Riemannian. Also, Hashiguchi [5] , showed that a Landsberg space remains Landsberg by any conformal change if and only if the T-tensor vanishes identically. In this paper we show that the (strong) relation between the long-existence problem of non Berwaldian Landsberg spaces and the T-tensor. The T-tensor is defined by [10] (2.2)
The T-tensor is totally symmetric in all of its indices. Let us write (2.3)
Lemma 2.5. The tensor C ir jkh can be rewritten in following form
Proof. Differentiating (2.2) with respect to y h and then raising the indecies i and r, then using Lemma 2.3 we get the required formula for C It is known that on a Landsberg manifold M , all tangent spaces T x M with the induced Riemannian metric g x = g ij (x, y)dy i ⊗ dy j are isometric. To show one of the characterizations of Landsberg space, the Landsberg tensor L jkh is defined by (2.5) 
In terms of T-tensor, the Berwald tensor is given by
B i jkh =F σ r∂h T ri jk − σ r (T ri jh ℓ k + T ri kh ℓ j − T ri jk ℓ h − T r jkh ℓ i − T i jkh ℓ r ) − F σ r (T i sjh C sr k + T r skh C si j + T r sjh C si k + T i skh C sr j − T ri sh C s jk − T s jkh C ri s ) + σ r (C ri j h kh + C ri k h jh + 2C ir h h jk − C r jk h i h − C i jk h r h − 2C jkh h ir ) (2.6) + F 2 σ r [C t hj S ir t k + C t hk S ri t j − C
Necessary condition
Making use of Corollary 2.9, one can see easily that under the conformal transformation (2.1), Landsberg space remains Landsberg if and only if σ r T r jkh = 0. Hashiguchi [5] , showed that a Landsberg space remains Landsberg by any conformal change if and only if the T-tensor vanishes identically. However, there are Landsberg spaces (with non vanishing T-tensor) remain Landsberg under conformal transformation. This can be shown by the following example:
In this example, for the space (M, F ), we have σ r T r ijk = σ 2 T 2 ijk = 0 but, generally, T h ijk = 0 for example, T 1 111 = 0. Actually, when a Landsberg space remains Landsberg, under any conformal transformation, then according to Hashiguchi's result the T-tensor vanishes. But using the result of Szabo Zoltan [16] , the space will be Riemannian. So Hashiguchi's result in this form gives no hope to find regular Landeberg space under the conformal transformation point of view. But what will be more beneficial is to consider the case when some conformal transformations of Landsberg space preserve the Landsberg property. It is worthy to pay attention to the conformal transformation of Landsberg space which can produce a regular Landsberg space which is not Berwald. Now, the long existing problem of regular Landsbergian non Berwaldian spaces is (strongly) related to the question: 
3 )F and F defined by
In this example, for the space (M, F ), we have
Also, we have B 
Remark 3.1. Throughout, most of the calculations of the examples are done by using Maple program and the Finsler package [18] . For the simplicity reasons, most of the examples in this paper are not necessarily regular Finsler spaces but at least non Riemannian.
Starting by a Berwald space (M, F ) admitting a non constant function σ(x) such that σ r T r ijk = 0. Under the conformal transformation F = e σ(x) F , the space (M, F ) is Landsberg. But in order to be Berwaldian it has to satisfy some necessary conditions. In what follow, we will try to figure out what kind of conditions the space should satisfy. 
where S ik := S ijkℓ g jℓ = S jiℓk g jℓ is the Ricci tensor of the vertical curvature.
Proof. Let (M, F ) be a Berwald space, then the Berwald tensor G i jkh vanishes and so the Landsberg tensor L jkh is. Now, contracting (2.6) by g kh , we have
Contracting the above equation by g ij , using the facts that C hij S ijkℓ = 0 and S i tui = 0 (this because S ijkh is antisymmetric in the first two indices and the last two indices), we have
. This ends the proof. 
where ρ := S (n−1)(n−2) , S = S ijkh g jh g ik is the vertical scalar curvature.
Using Equation (3.2) and Theorem 3.2, we have the following corollary. 
A direct consequence of Theorem 3.2, we have the following result. 
Contracting the above equation by σ h , we have
Again, by contraction by g jk , we get
Since the metric is positive definite, then T = 0 and hence
which gives σ i − σ0 F ℓ i = 0. By differentiation with respect to y j , we get σ0 F 2 ℓ ij = 0 which is a contradiction. In other words, σ i can not be proportional to the supporting element y i .
Since the metrics of Randers type are C-reducible, we have the following corollary. 
where
The following theorem gives a case in which a Landsberg space can not be Berwaldian. Proof. Since σ r T r ijk = 0, then the space (M, F ) is Landsberg. For a C 2 -like space the v-curvature vanishes and hence by using Theorem 3.2 and the condition (F T uv C uvr + T ℓ r )σ r = 0, we get
But making use of (4.1), we get
Now, using Proposition 4.3, the space is Riemannian or σ is constant and this is a contradiction.
Since the vanishing of the T-tensor means that the space is not regular Finsler space, the following corollary shows a case in which a singular Landsberg space can not be Berwaldian. 
Examples
In this section we give different examples. The following two examples are obtained by the help of [15] . They give simple classes of Landsberg spaces which are not Berwald. 
